It is well known that the Cayley-Hamilton theorem is an interesting and important theorem in linear algebras, which was first explicitly stated by A. Cayley and W. R. Hamilton about in 1858, but the first general proof was published in 1878 by G. Frobenius, and numerous others have appeared since then, for example see [1, 2] . From the structure theorem for finitely generated modules over a principal ideal domain it straightforwardly follows the Cayley-Hamilton theorem and the proposition that there exists a vector v in a finite dimensional linear space V such that v and a linear transformation of V have the same minimal polynomial. In this note, we provide alternative proofs of these results by only utilizing the knowledge of linear algebras.
Introduction
Let F be a field, V be a vector space over F with dimension , and n  be a linear transformation of . It is known that becomes a V V   is a principal ideal domain the ideals and can be generated by the unique monic polynomials, denote them by and , respectively. Which are called the order ideals of and in abstract algebras, respectively. They are also called the minimal polynomials of and V with respective to
v  in linear algebras, respectively. It is clear that the minimal polynomial of zero vector (or zero transformation) is 1. By the structure theorem for finitely generated modules over a principal ideal domain [3, 4] , the module can be decomposed into a direct sum of finite cyclic submodules:
and 1 
Proofs Based on Linear Algebras
In this section we give an alternative proof of Theorem 1 by only utilization of knowledge of linear algebras. To demonstrate an interesting proof of some proposition in linear algebras and its applications, we present two proofs of (2) 
where is a Vandemonde matrix. So 
Since with is a nontrivial subspace of 
Moreover, for , and
One can verify that the minima polynomials of l
Conversely, from
Which shows that
, . . 
Equations (3) and (4) 
